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Abstract
This paper shows that the long-run risk model of Bansal and Yaron (2004) is able to
simultaneously explain the dynamics and cyclical properties of interest rates and the
level and volatility of equity returns. Speciﬁcally, the model accounts for deviations from
the expectations hypothesis of interest rates, the upward sloping nominal yield curve,
t h ed o w n w a r ds l o p i n gt e r ms t r u c t u r eo fv o l a t i l i t ya n dt h ep r e d i c t i v ep o w e ro ft h ey i e l d
spread. Real (nominal) rates are positively (negatively) correlated with consumption
growth and the nominal yield spread predicts future real consumption growth, excess
stock returns and inﬂation. The cyclical properties of nominal interest rates are shown
to critically depend on the value of the elasticity of intertemporal substitution and on
the correlation between consumption and inﬂation. The driving forces of the model are
uncertainty about expected consumption growth, time-varying volatility of consumption
growth and deviations from the Fisher hypothesis.
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The literature has established several intriguing facts including the well-known equity premium
puzzle (Mehra and Prescott, 1985), the expectations hypothesis puzzle indicating time-varying
bond risk premiums (e.g., Fama and Bliss, 1987, and Campbell and Shiller, 1991), the cyclicality of
risk premiums in equity and bond markets (Fama and French, 1989), and the ability of interest rates
to predict real economic activity (e.g., Estrella and Hardouvelis, 1991). The quest for justifying
these ﬁndings has produced a large number of theoretical models. Recently, Bansal and Yaron
(2004) demonstrate that long-run consumption risks and time-varying economic uncertainty in
conjunction with recursive utility goes a long way in explaining key features of equity markets. I
bring their model to the term structure of interest rates and investigate whether it also can explain
and match the dynamics and cyclical properties of interest rates.
This paper shows that the long-run risk model of Bansal and Yaron (2004) is able to jointly
explain the dynamics and cyclical properties of interest rates and the level and volatility of eq-
uity returns. The model is able to account for several empirical observations such as deviations
from the expectations hypothesis of interest rates, the upward sloping nominal yield curve, the
downward sloping term structure of volatility and the predictive power of the yield spread. Real
rates behave procyclically while nominal rates are countercyclical. A positive nominal yield spread
predicts future real consumption growth and excess stock returns with a positive sign and inﬂation
with a negative sign. This is consistent with empirical evidence provided in the paper. The cyclical
properties of nominal interest rates are shown to critically depend on the value of the elasticity
of intertemporal substitution (EIS) and on the extent to which expected inﬂation and expected
consumption are correlated. The driving forces of the model are uncertainty about expected con-
sumption growth, time-varying volatility of consumption growth and deviations from the Fisher
hypothesis. The long-run risk model contains three key features. First, the representative agent has
Epstein and Zin (1989) and Weil (1989) recursive utility which allows the risk aversion coeﬃcient
to be separated from the EIS. This utility speciﬁcation makes the agent care about the temporal
distribution of risk, which is not the case for time-separable expected utility. Second, expected
consumption is hit by shocks subject to a high degree of persistence. These shocks represent long-
2run risks of consumption as they aﬀect the distribution of risk over time. Third, the variance of
consumption growth is time varying as it is also hit by shocks subject to a high persistence. This
is referred to as volatility risk and produces a time-varying risk premium on assets.
I calibrate the model to match observed moments of consumption, inﬂation, equity market
returns and nominal interest rates. Positive shocks to expected consumption induce the agent
to substitute consumption intertemporally, leading to higher real rates. Real bonds therefore act
as a hedge, generating positive excess returns in times of low consumption growth. An increased
variance of future consumption growth have a negative eﬀect on real yields. Hence, real bonds serve
as a hedge also against periods of increased economic uncertainty. These two features make real
bonds subject to negative risk premiums as the agent is provided with insurance against periods of
high marginal utility. The slope of the real yield curve is on average negative, which is supported
by empirical evidence from UK index-linked bonds (e.g., Evans, 1998, and Piazzesi and Schneider,
2006).1
I introduce an exogenous inﬂation process in order to model nominal yields. The key to gen-
erating an upward sloping nominal yield curve is to allow for an inﬂation risk premium. I do this
by allowing for a negative relationship between expected real consumption and expected inﬂation.
This implies a deviation from the Fisher neutrality assumption which has been documented by
several studies.2 The non-neutrality of inﬂation has two eﬀects. First, higher expected consump-
tion aﬀects nominal yields through two counteracting channels. Nominal yields rise due to the
real eﬀect found for real bonds but decrease as high expected consumption growth is associated
with low expected inﬂation. Nominal yields become countercyclical when the latter eﬀect domi-
nates. As a result, nominal bonds no longer serve as a hedge against bad times as their excess
returns become positively correlated with consumption growth. Second, long nominal yields load
positively on volatility shocks, while short term bonds remain a safe haven in times of economic
turbulence. The nominal yield curve therefore steepens as positive shocks to economic uncertainty
1Data for US index-linked bonds only dates back to 1997 and indicates a positively sloped real yield curve on
average. This evidence should be interpreted with caution as the time series is rather short and the market was very
illiquid at the inception of trading.
2For example, Fama (1981) ﬁnds that real stock returns correlate negatively with inﬂation; Fama and Gibbons
(1982) provide evidence that expected real returns on nominal bonds vary inversely with expected inﬂation; and
Boudoukh (1993) and Evans (1998) document a negative relation between real interest rates and inﬂation rates.
3hit the economy. Hence, the second hedging feature found in long term real bonds is also lost for its
nominal counterpart. The agent accordingly demands a positive risk premium for holding nominal
bonds, which increases with the maturity of the bond. This allows the model to match the positive
unconditional slope of the nominal yield curve.
The key for replicating deviations from the expectations hypothesis is to generate time-varying
risk premiums that covary positively with the slope of the yield curve. Variations in the uncertainty
about future consumption accomplish this. Positive shocks to economic uncertainty raise the slope
of the nominal yield curve while also raising the expected excess return on long bonds. The
latter eﬀect arises as the conditional variance of consumption growth is expected to revert back to
its mean, lowering long yields. Bond excess returns therefore becomes predictable, matching the
ﬁndings of Fama and Bliss (1987) and Campbell and Shiller (1991).
Real yields in the model are procyclical. This is consistent with the empirical ﬁndings of Chap-
man (1997) and relates to Harvey (1988), who ﬁnds that the term structure of real interest rates
contains information about future consumption growth. The countercyclical feature of nominal
yields is inconsistent with Fama (1990) but consistent with de Lint and Stolin (2003) and Ang et
al.(2007). The ability of the nominal yield spread to predict future real activity is a well established
fact (e.g., Stock and Watson, 1989, Estrella and Hardouvelis, 1991, Estrella 2005, and Ang et al.,
2006). The long-run risk model matches the observed positive correlation between nominal yield
spreads and subsequent real consumption growth. Furthermore, term spreads inside the model
predict future excess stock returns with a positive sign and future realized inﬂation with a negative
sign. This is consistent with empirical evidence provided in the paper. The cyclicality of interest
rates and term spreads are shown to critically depend on the value of the EIS parameter and on
the extent to which expected consumption aﬀects expected inﬂation.
This paper relates to the vast literature on the term structure of interest rates. A number of
studies have used general equilibrium models to explain and enhance our understanding of inter-
est rate dynamics; early contributions include Cox et al.(1985), Dunn and Singleton (1986) and
Campbell (1986).3 Backus et al.(1989) demonstrate that a standard power-utility model with het-
3Other papers addressing features of asset markets include Abel (1990, 1999), Campbell and Cochrane (1999),
Constantinides (1990), Constantinides and Duﬃe (1996), Heaton (1995), and Sundaresan (1989).
4eroscedastic consumption growth cannot generate enough time variation in risk premiums to match
observed deviations from the expectations hypothesis. Donaldson et al.(1990) demonstrate that
the neoclassical stochastic growth model generates countercyclical real interest rates and procyclical
real term spreads. Brandt and Wang (2003), Wachter (2006) and Buraschi and Jiltsov (2007) pro-
vide evidence that variants of consumption-based habit models are able to match observed interest
rates while replicating deviations from the expectations hypothesis. Piazzesi and Schneider (2006)
explore the role of surprise inﬂation as a message of lower future real consumption growth. They
highlight that a drop in the real payoﬀ of nominal bonds in bad times leads investors to demand a
positive risk premium for holding long term nominal bonds. Their model is able to generate realistic
moments for interest rates but the expectation hypothesis holds. Gallmeyer et al.(2007) include
a Taylor rule in a model related to the long-run risk model and demonstrate that it can produce
realistic moments for interest rates. Eraker (2006) demonstrates that a continuous-time version of
Bansal and Yaron (2004) can match observed yield curve moments. However, he does not consider
the expectations hypothesis puzzle and the cyclical properties of the model. In a contemporaneous
paper, Bansal and Shaliastovich (2007) provide evidence that the long-run risk model is able to
simultaneously generate rejections of the expectations hypothesis and match the forward-premium
puzzle. This paper diﬀers from theirs in that it studies the cyclical properties of the model and
shows that it can match several established empirical facts. I also emphasize the role of deviations
from the Fisher hypothesis for generating an inﬂation risk premium and the eﬀect of the EIS and
a non-zero correlation between consumption and inﬂation for the cyclicality of interest rates and
term spreads.
2 The Model
This section provides dynamics of the model’s economic variables, the preferences of the represen-
tative agent and the solutions for bond prices. For simplicity, I use the notation of Bansal and
Yaron (2000, 2004) throughout the section.
52.1 Dynamics
The real economy is subject to three main processes:
gt+1 = μ + xt + σtηt+1, (1)
xt+1 = ρxt + ϕeσtεt+1, (2)
σ2





ηt+1,ε t+1,w t+1 ∼ N.i.i.d.(0,1). (4)
The log growth rate of consumption is denoted gt+1 and is determined by the unconditional mean,
μ, a persistent component, xt, and a shock, ηt+1, that represents short run risks to consumption.
T h ep e r s i s t e n tp a r ts e r v e sa sas t a t ev a r i a b l ea n dc a u s e st h eg r o w t hr a t et od e v i a t ef r o mi t s
unconditional mean. It is hit by shocks subject to a persistence coeﬃcient ρ, producing uncertainty
about the conditional mean of growth rates. Persistent shocks aﬀect the conditional mean of
consumption growth far into the future and therefore represent long-run risks of consumption.
Consider the revision of the conditional mean of consumption growth for a horizon of n periods,
Et (gt+n) − Et−1 (Et (gt+n)) = ρn−1ϕeσt−1εt.T h i si sz e r ow h e nϕe equals zero. The second state
variable is the conditional variance of consumption growth, σ2
t+1. It is also subject to shocks, which
produce time-varying economic uncertainty. This is referred to as volatility risk.





t+1 =( 1 − ρπ)μπ + ρπxπ




t+1 ∼ N.i.i.d.(0,1). (7)
The log inﬂation rate is denoted πt+1 a n di sg o v e r n e db ye x p e c t e di n ﬂ a t i o n ,xπ
t ,a n das h o c k ,
ηπ
t+1. Note that real consumption growth aﬀects expected inﬂation through α and ρπ,x.T h i si sa
version of the dynamics in Piazzesi and Schneider (2006); it allows for a deviation from the Fisher
hypothesis as nominal bonds need not have a one-to-one relationship with expected inﬂation. The
6Fisher hypothesis holds when α and ρπ,x equal zero.
2.2 Investor Preferences
The model is formulated in discrete time in which the representative agent has Epstein and Zin


















, γ ≥ 0 denotes the risk aversion coeﬃcient and ψ ≥ 0 the elasticity of intertemporal
substitution (EIS). The time discount factor is represented by δ. This preference speciﬁcation
allows time preferences to be separated from risk preferences, which makes the agent care about
the distribution of risk both across states and over time. This stands in contrast to time-separable
expected utility in which the agent is indiﬀerent to the temporal distribution of risk. The agent
prefers early (late) resolution of risk when the risk aversion is larger (smaller) than the reciprocal
of the EIS. A preference for early resolution implies that θ<1. It is then less costly to substitute
consumption between time periods than between states of nature. This speciﬁcation nests the
time-separable power utility model for γ = 1
ψ (i.e., θ =1 ) .
The agent is subject to the following budget constraint:
Wt+1 ≡ Ra,t+1 (Wt − Ct), (9)
where the agent’s total wealth is denoted Wt, Wt − Ct i st h ea m o u n to fw e a l t hi n v e s t e di na s s e t
markets and Ra,t+1 denotes the unobservable gross return on the total wealth portfolio. This asset
delivers aggregate consumption as its dividends each period. Epstein and Zin (1989) show that this






a,t+1   	
Mt+1
Ri,t+1]=1 , (10)
where Gt+1 denotes the aggregate gross growth rate of consumption and Mt+1 denotes the in-
7tertemporal marginal rate of substitution (IMRS). The logarithm of the IMRS can be written
as:
mt+1 = θln(δ) −
θ
ψ
gt+1 − (1 − θ)ra,t+1, (11)
where lnRa,t+1 = ra,t+1 and lnGt+1 = gt+1. Note that the IMRS depends on both consumption
growth and on the return from the total wealth portfolio. Recall that θ = 1 under power utility,
which brings us back to the standard time-separable IMRS.
2.3 Solving the model
The return on the aggregate wealth portfolio is approximated using the analytical solutions found
in Campbell and Shiller (1988):
ra,t+1 = k0 + k1zt+1 − zt + gt+1, (12)
where zt denotes the log price-consumption ratio and constants k0 and k1 are functions of the
average level of z.4 Bansal and Yaron (2004) conjecture that z is a linear function of the two state
variables:
zt = A0 + A1xt + A2σ2
t. (13)
Using the standard Euler equation together with the dynamics of consumption and uncertainty,






























4Note that k1 =
exp(¯ z)
1+exp(¯ z) and k0 = ln(1 + exp(¯ z)) − k1¯ z. For simplicity, I follow Bansal and Yaron (2004) and set
k1 =0 .997.
8Ignoring the term A0, the ﬁrst coeﬃcient, A1, measures the sensitivity of the price-consumption
ratio to changes in expected consumption growth. The coeﬃcient is positive when the EIS exceeds
one. This means that higher expected consumption growth induces the agent to buy more of
the consumption claim, pushing its price upwards. Hence, the intertemporal substitution eﬀect
dominates the wealth eﬀect. The higher the persistence, captured by ρ, the greater the eﬀect
as shocks to expected consumption growth last longer. The second coeﬃcient, A2,g o v e r n st h e
response of the price-consumption ratio to changes in economic uncertainty. The coeﬃcient is
negative when θ is negative, for example, when the risk aversion coeﬃcient and the EIS exceed one.
An increase in the variance of growth rates then pushes down the price of the consumption claim.
Again, a high persistence ampliﬁes the eﬀect of volatility shocks.
Consider the following expression for the innovation to the real pricing kernel, where the vector
λ represents market prices of risk:
mt+1 − Et(mt+1)=−[λη λε λw][σtηt+1 σtεt+1 σwwt+1]
 
, (17)
λη = γ, (18)
λε =( 1 − θ)k1A1ϕe, (19)
λw =( 1 − θ)k1A2. (20)
The crucial feature of this model is that long-run risk, ε, and volatility risk, w, are priced in addition
to short-run risk, η. The price of long run risk, λε, is positive when the agent prefers early resolution
of uncertainty and ψ>1. Volatility risk on the other hand have a negative price if the agent prefers
early resolution of uncertainty and ψ and γ exceed one. Recall that θ = 1 under power utility,
which means that only short run risk is priced.
The logarithm of the nominal pricing kernel is determined by the diﬀerence between the real
pricing kernel and the inﬂation rate:
m$
t+1 = mt+1 − πt+1. (21)
92.4 Model Implications for Bond Prices
In this subsection, I derive analytical expressions and analyze model implications for real and
nominal bonds. Later, the model is calibrated to moments of consumption, inﬂation, real stock
market returns and interest rates. The model solution for equity is reported in Appendix (A1).
2.4.1 Real Bonds
Log prices of real bonds with a maturity of n periods are linear functions of the state variables:
qt,n = D0,n + D1,nxt + D2,nσ2
t. (22)
Let yt,n = − 1









Using the Euler equation of the agent, the log price of a bond can be written as:
qt,n = Et [mt+1 + qt+1,n−1]+
1
2
Va r t [mt+1 + qt+1,n−1]. (24)
Using this recursive structure, Bansal and Yaron (2000) show that:
D0,n = θln(δ) −
θ
ψ
μ +( θ − 1)(k0 + k1A0 + k1A2σ2(1 − v1) − A0 + μ) (25)




w((θ − 1)k1A2 + D2,n−1)2,









η +( −λε + ϕeD1,n−1)2
, (27)
where D1,0 = D2,0 = D3,0 = 0. These loadings determine the response of real yields to movements
in the expected mean and variance of real consumption growth.
102.4.2 Nominal Bonds
Nominal bonds are a function of expected inﬂation, in addition to the conditional mean and variance
of consumption. Let nominal bond prices and yields be denoted by superscript $. The log price of









Using the nominal pricing kernel in (21) together with the Euler equation, we have that:
q$




Va r t[mt+1 − πt+1 + q$
t+1,n−1], (29)















As is shown in Appendix (A2), the loadings are deﬁned as follows:
D$
0,n = θln(δ) −
θ
ψ














































3,0 = 0. The introduction of inﬂation aﬀects both the loading on
long-run risk and volatility risk. The former is now also a function of the loading on inﬂation while
the latter incorporates the eﬀect of shocks to expected consumption growth on the level of expected
inﬂation, represented by the term αϕeD$
3,n−1 in (33).
113 Data and Calibration of Model
3.1 Data
The analysis is based on U.S. data, spanning the time period December 1952-December 2005.5
Aggregate real consumption data of nondurables and services are collected from Bureau of Economic
Analysis. Value-weighted market returns (NYSE/AMEX/NASDAQ) are retrieved from CRSP.
Monthly interest rate data are collected from the Fama-Bliss ﬁle in CRSP. Annual changes in
the CPI are collected from Datastream. Moments of consumption, inﬂation, real market returns
and the real short rate are reported in Table 2. Note that both annual real consumption growth
and inﬂation show evidence of persistence. Figure 1 demonstrates that the correlation between
realized annual inﬂation and consumption is time dependent. The unconditional contemporaneous
correlation for the full time period equals -0.33. Furthermore, Table 4 documents that nominal
yields are characterized by a positively sloped yield curve, a downward sloping term structure of
volatility and a high degree of persistence.
3.2 Calibration
The agent’s decision interval is assumed to be monthly while the targeted data consist of annual
moments of observed data. I simulate 637 months of data 5 000 times and aggregate it to an annual
frequency in order to match US moments of consumption growth, inﬂation, real equity market
returns and interest rates. Calibrated parameter values are reported in Table 1. The persistence
of long-run risk shocks, ρ, is set to 0.991. The parameters ϕe and σ are set to 0.056 and 0.0027.
Shocks to the level of economic uncertainty in the economy are subject to a persistence coeﬃcient,
v1, of 0.992. The parameter φ, governing the leverage of equity on consumption growth, is set to
2.25. The volatility of volatility is determined by σw,w h i c hi ss e tt o0 .135×10−5. The persistence
coeﬃcients are higher compared to Bansal and Yaron (2004), while the leverage parameter and the
volatility of volatility are lower. The persistence of expected inﬂation, ρπ, is calibrated to 0.98. The
non-neutrality of inﬂation is captured by ρπ,x = −0.04 and α = −1.9, which implies that periods
5The starting year of 1952 is very common in the term-structure literature as interest rates were not market
determined prior to the Fed-Treasury accord.
12of high expected consumption growth are associated with low expected inﬂation.
Table 2 reports simulated and observed moments for real consumption, inﬂation, the real stock
market return and the real risk-free rate (one-month maturity). The ﬁrst moment of consumption
growth matches the observed value of 2.17%. The simulated values for the average inﬂation rate,
stock market return and real risk-free rate are 3.80%, 6.85% and 1.11%, compared to the observed
values of 3.77%, 6.72% and 1.11%. The volatility of inﬂation equals 3.12% in the model versus the
observed volatility of 2.75%. The model overshoots the observed volatility of annual consumption
growth, 1.69% versus the observed value of 1.08%. Furthermore, the model produces a more
persistent process for consumption growth and inﬂation than what is observed in data, 0.45 and
0.87 versus 0.33 and 0.81 respectively. The negative correlation between consumption growth and
inﬂation produced in the model is -0.70 compared to -0.33 in the sample. Note that the model
generates an equity premium of 5.74%, which is 13 basis point higher than the historical value.
I use a risk aversion coeﬃcient, γ, of 10 and an EIS, ψ, of 1.5. These values are the same
as in Bansal and Yaron (2004) and imply that the agent prefers early resolution of uncertainty.
As a result, long-run risk and volatility risk are priced. The former source of risk has a positive
price, λε > 0, which means that positive shocks to expected consumption lower the IMRS. The
latter risk has a negative price, λw < 0, which means that positive shocks to the uncertainty
of consumption increases the IMRS. The risk aversion coeﬃcient could be lowered if one allowed
for a richer set of cross-correlations between shocks aﬀecting the real dynamics in Section (2.1).
There is some controversy surrounding plausible values for the EIS. For example, Attanasio and
Vissing-Jorgensen (2003) estimate it to be in excess of one while Hall (1988) and Campbell (1999)
argue that it is close to zero. Section (4.5) demonstrates that the value of the EIS is an important
determinant of the model’s cyclical properties.
134 Implications for Asset Prices
4.1 Real Term Structure
Figure 2 reports the yield loadings on long-run risks and volatility risks, i.e., it reports
−Di,n
n for




(D1,nϕeσtεt+1 + D2,nσwwt+1). (35)
The value of D1,n is negative, leading to higher real yields as expected consumption is hit by positive
shocks. Hence, real yields are procyclical reﬂecting a dominance of the intertemporal substitution
eﬀect over the wealth eﬀect. The procyclicality of real yields means that the agent can use real
bonds as a hedge against periods of low consumption growth. Negative loadings on volatility risk,
D2,n, indicate that real bonds act as a hedge against positive shocks to economic uncertainty with
long bonds being more sensitive than short bonds. Accordingly, the agent demands a negative risk
premium for holding real bonds as they provide insurance against periods of high marginal utility.
Let ht+1,n = qt+1,n−1 − qt,n denote the one period log holding period return for a bond with a
maturity of n periods. Using standard asset pricing theory, the risk premium can be written as:










Ignoring the Jensen’s inequality term, the risk premium depends on the market prices of risk and
the loadings on long run and volatility risks. Note that the risk premium is independent of short
run risks. A positive price of long run risks and a negative value of D1,n−1 implies a negative risk
premia. Similarly, a negative price of volatility risk and a positive value of D2,n−1 also implies a
negative expected excess return.6 Finally, recall from Section (2.3) that both λε and λw equal zero
under power utility, implying that expected excess returns are constant (again, ignoring the Jensen
inequality term).
6 Bansal and Yaron (2000) brieﬂy mention that their model generates negative risk premiums for real bonds but
they do not elaborate further on the issue.
14Next, consider the unconditional slope of the real yield curve measured as the long rate (60














w h i c hi sm a i n l yd e t e r m i n e db yt h ea v e r a g el e v e lo fu n c e r t a i n t yi nt h ee c o n o m ya n dt h ed i ﬀ e r e n c e
in loadings across maturities on volatility shocks. A higher sensitivity of long yields to volatility
shocks generates a negative slope, which is shown in Table 3. This is supported by Evans (1998) and
Piazzesi and Schneider (2006) who document a downward sloping yield curve for UK index-linked
bonds. Data for US index-linked bonds indicate a positive unconditional slope but the time series
only dates back to 1997 and the market was very illiquid at the beginning of trading. The long-run
risk model also produces a downward sloping term structure of volatility and highly persistent real
yields. This is consistent with data from both the US and the UK.
4.2 Nominal Term Structure
Nominal yields are generated using the dynamics in Section (2.1). Figure 2 reports the yield
loadings of nominal bonds, i.e., it reports
−D$
i,n






















First, a negative value of D$
3,n means that nominal yields rise as expected inﬂation increases.
Second, the response of nominal rates to shocks to expected consumption depends on both the
original loading, D$
1,n, and on the term D$
3,nα. Recall that a negative value of α implies that
periods of high expected consumption are associated with low expected inﬂation. This causes
nominal yields to decrease as expected consumption is revised upwards, generating countercyclical
nominal rates. Third, the loading on volatility risk also changes from the real case. Long yields
now rise as future consumption growth becomes more uncertain, while short bonds still provide
a hedge. As a result, nominal bonds do not provide insurance against bad times. This generates

























The market price of long-run risk is still positive, and (D$
1,n−1+αD$
3,n−1) is positive indicating pos-
itive excess returns due to long-run consumption risks. Furthermore, the market price of volatility
risk is still negative indicating that negative values of D$
2,n−1 for long bonds implies positive risk
premiums. This allows the model to match the positive nominal yield spread observed in data,
reported in Table 4. The model also generates a downward sloping term structure of volatility and
highly persistent yields as they inherit the persistence from the state variables. Finally, nominal
yields are more volatile than real yields reﬂecting the volatility of inﬂation.
4.2.1 Inﬂation Risk Premium
The yield on a nominal bond with a maturity of n periods can be expressed as the sum of the
corresponding real yield, the expected inﬂation over the bond’s maturity, the inﬂation risk premium
and a Jensen’s inequality term:
y$































where the covariance term represent the inﬂation risk premium and the variance term is the Jensen’s
inequality term. The agent demands a positive inﬂation risk premium if inﬂation is high during
times of high marginal utility, leading to higher yields. This can be interpreted in the framework of
Piazzesi and Schneider (2006) in that higher inﬂation is related to lower real consumption growth,
resulting in a drop in the real payoﬀ of nominal bonds during bad times. The covariance is zero
in the model when n equals one month implying a zero inﬂation risk premium for the short rate.
However, the covariance becomes positive and increasing as n increases and α and ρπ,x are less
than zero, resulting in an upward sloping term structure of the inﬂation risk premium.
164.3 Expectations hypothesis
The expectations hypothesis can be expressed in many ways. One version states that log excess
holding period returns for bonds diﬀers across maturities but are constant through time. Evidence
documented by Fama and Bliss (1987) and Campbell and Shiller (1991) indicate that risk premiums
for US nominal bonds in fact seem to vary over time which means that bond excess returns are
predictable. While most of the empirical literature has been focusing on nominal yields, Evans
(1998, 2003) documents time-varying risk premiums also for real bonds using data from the UK.
Campbell and Shiller (1991) run the following regression:
y$
t+m,n−m − y$









+  t+m, (41)
where m denotes the time step forward. The expectations hypothesis says that the current yield
spread is a perfect predictor of the change in long term yields. This assumes that excess returns
on bonds are constant and the regression should therefore yield a βn,m of one. To see this, write
t h ee x c e s sp e r i o dl o gr e t u r nf o rm = 1 as:
hxt+1,n = qt+1,n−1 − qt,n − yt,1 =( yt,n − yt,1) − (n − 1)(yt+1,n−1 − yt,n). (42)
Taking expectations of both sides gives that the current yield spread depends on the expected
change in yields and on expected excess returns. The expectations hypothesis holds when the
latter is constant. However, we know from (36) and (39) that the risk premium on both real and
nominal bonds vary over time due to the stochastic volatility of consumption growth.
The regression in (41) can be rewritten as regressing excess returns on a n-period bond onto
the yield spread. Such a regression would have a slope coeﬃcient of 1 − βn,m. Table 5 reports
negative values of βn,m observed in data, which implies a positive relationship between the slope
of the yield curve and expected excess returns on long bonds. The magnitude of the coeﬃcients,
given by the model, are smaller than the observed ones but the important result is that the model
produces expected excess returns on long bonds that covary positively with the yield curve slope.
The explanation lies in the time-varying nature of economic uncertainty. A positive shock to the
17second moment of consumption have two eﬀects. First, the shock raises the slope of the yield curve
as short bonds provide a hedge while long bonds do not. Second, the uncertainty in the economy is
expected to revert back to its mean which means lower long term yields in the future. As a result,
a positive slope predicts positive excess returns on long bonds.
4.4 Cyclical Properties
Table 6 documents correlations between real and nominal interest rates and real consumption
growth. Consumption growth over n periods is positively correlated with n-period real yields,
both contemporaneously and for a lead and lag of one year. This matches the empirical ﬁnding of
Chapman (1997) and stems from the increase in real yields due to positive shocks to expected con-
sumption growth. It also relates to Harvey (1988) who ﬁnds that the term structure of real interest
rates contain information about future consumption growth. Nominal rates behave countercycli-
cally in the model, correlating negatively with consumption growth. The correlation coeﬃcients
found in data are mainly negative but of a smaller magnitude than the coeﬃcients produced in
the model. Countercyclical nominal yields are also found in de Lint and Stolin (2003) and Ang
et al.(2007) but is inconsistent with the ﬁndings of Fama (1990). Table 7 provides evidence that
simulated nominal yield spreads in the model contain predictive power of future annual consump-
tion growth. A positive nominal yield spread predicts higher future real consumption growth. This
matches the well established empirical fact that a positively sloped nominal yield curve tends to
predict an increase in future real economic activity and that an inverted yield curve predicts reces-
sions (e.g., Stock and Watson, 1989, Estrella and Hardouvelis, 1991, Estrella 2005, and Ang et al.,
2006). Furthermore, the nominal yield spread predicts future excess stock returns with a positive
sign and future inﬂation with a negative sign. This matches the empirical evidence, also provided
in Table 7.7
The real yield spread in the model also contains predictive power. The numerical results are
not reported but a positive real yield spread predicts negative subsequent consumption growth,
negative future excess stock returns and positive future inﬂation.
7The slope coeﬃcient when predicting consumption growth using annual data is insigniﬁcant. However, using
quarterly consumption data for the same time period yields signiﬁcant coeﬃcients when predicting 4 quarters ahead.
184.5 Cyclicality: The Role of the EIS and Deviations from the Fisher Hypothesis
I show in this section that the cyclical properties of nominal interest rates critically depend on
the EIS and on the extent to which expected inﬂation and consumption are related. Table 6
demonstrates that an EIS equal to 0.5 leads to nominal rates being less countercyclical while real
yields become more procyclical. An even lower EIS will eventually generate nominal yields that
are procyclical. Increasing α to -0.2, i.e., reducing the negative correlation between consumption
and inﬂation, has a similar eﬀect. Table 7 demonstrates that the sign of the slope coeﬃcients in
the prediction regressions also depends on the value of the EIS. As the EIS is lowered from 1.5,
each coeﬃcient approaches zero and eventually switch sign. An EIS equal to 0.5 generates slope
coeﬃcients with the opposite sign of what is observed in data. Again, increasing α has a similar
eﬀect. Hence, reducing the dependence between inﬂation and consumption and/or reducing the
EIS makes nominal bonds (yield spreads) behave more like real bonds (yield spreads).
In order to understand the underlying mechanisms, I will focus on the short rate for simplicity.
Consider ﬁrst the real short rate:

















which comes from using results in Section (2.4.1). Higher expected consumption leads to an in-
crease in real yields, for which the magnitude is determined by the reciprocal of the EIS.8 The
unconditional covariance between the one period real yield at time t and the consumption growth




Va r(xt) > 0. (44)
Same conclusion holds for a n-period bond and consumption growth over the period t+n.C h a n g i n g
the EIS therefore only aﬀects the magnitude to which real yields are procyclical, not the sign of
the correlation.
8Hall (1988), among others, estimate the value of the EIS by regressing consumption growth at time t+1 onto the
real short rate at time t. However, the speciﬁcations used does not include the time-varying volatility term. Bansal
and Yaron (2004) argue that this leads to a downward biased estimate of the EIS.
19This is not true for nominal bonds due to deviations from the Fisher hypothesis. Consider the
nominal short rate:
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which stems from the results in Section (2.4.2). An increase in expected consumption aﬀects the
nominal short rate in two ways. First, it aﬀects the nominal short rate positively through the same
channel as in the real case. Second, it aﬀects the short rate negatively as deviations from the Fisher
hypothesis imply that expected inﬂation is a negative function of expected consumption. The ﬁrst
eﬀect dominates for low values of the EIS while the second eﬀect dominates for high values of the
EIS. This determines whether nominal yields are pro- or countercyclical, which can be seen from





















Same conclusion holds for a n-period bond and consumption growth over the period t + n.T h i s
suggests that instability of the relationship between inﬂation and consumption over time leads to
changes in the cyclicality of nominal interest rates over time. A similar logic holds for the covariance

























where the loadings on expected consumption and inﬂation are both negative. Again, two coun-
teracting eﬀects are at work. Higher expected consumption growth decreases the spread through
the D1 term but increases it through the D3 term. A low EIS makes the short rate relatively
more sensitive to changes in consumption compared to the long rate. As a result, the ﬁrst eﬀect
dominates and a positive yield spread predicts negative future consumption growth. Reducing the
impact of consumption on inﬂation by setting α closer to zero have a similar eﬀect as it reduces
the impact of the second eﬀect.
20This suggests that the documented diﬀerences in the predictive power of the yield spread across
countries and time periods (e.g., Campbell, 2003) could be due to diﬀerences in the EIS and/or in
the relationship between consumption and inﬂation.
5 Conclusion
I show that the model of Bansal and Yaron (2004), featuring long-run consumption risks and time-
varying uncertainty, simultaneously can explain the dynamics and cyclical properties of interest
rates and the level and volatility of equity returns. While matching key moments of consump-
tion growth, inﬂation and real stock market returns the model can account for deviations from the
expectations hypothesis, the upward sloping nominal yield curve, the downward sloping term struc-
ture of volatility and the predictive power of the nominal yield curve. Nominal bonds are subject to
positive risk premiums as deviations from the Fisher hypothesis turn them into risky assets. Fur-
thermore, an increase in economic uncertainty steepens the nominal yield curve while also raising
expected excess returns on long bonds. As a result, bond excess returns are predictable. Consis-
tent with empirical ﬁndings, real yields are procyclical and nominal term spreads have predictive
power of future consumption growth, excess stock returns and inﬂation. The cyclical properties of
nominal interest rates are shown to critically depend on the value of the elasticity of intertemporal
substitution and on the extent to which the Fisher hypothesis is violated.
21Appendix
A1. Equity
The dividend growth process follows the following process:
gd,t+1 = μd + φxt + ϕdσtut+1, (48)
where μd denotes the average dividend growth rate, φ the leverage of the dividend paying claim
onto expected consumption and ut+1 ∼ N.i.i.d.(0,1). The log return on the market portfolio, rm,t,
is approximated using the analytical solutions found in Campbell and Shiller (1988):
rm,t+1 = k0,m + k1,mzm,t+1 − zm,t + gd,t+1, (49)
where zm,t denotes the log price-dividend ratio and constants k0,m and k1,m are functions of the
average level of zm.
Bansal and Yaron (2004) conjecture that zm is a linear function of the two state variables:
zm,t = A0,m + A1,mxt + A2,mσ2
t. (50)
Using the standard Euler equation together with the dynamics of consumption and uncertainty,







μ +( θ − 1)(k0 + k1A0 + k1A2σ2(1 − v1) − A0 + μ) + (51)



















where Hm = λ2
η +( −λε + k1,mA1,mϕe)
2 + ϕ2
d.
22A2. Pricing nominal bonds
The conditional moments in the Euler equation (29) can be found using the real and nominal
dynamics:




(μ + xt) + (54)
(θ − 1)(k0 + k1(A0 + A1ρxt + A2(σ2 + v1(σ2
t − σ2))) −
A0 − A1xt − A2σ2






t − σ2)) +
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3,n−1((1 − ρπ)μπ + ρπxπ
t + ρπ,xxt),




+ θ − 1) +
σtεt+1((θ − 1)k1A1ϕe + (55)
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Collecting terms for the state variables, using Equation (28), yields the loadings in (31)-(34).
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Table 1: Calibrated parameters. All parameters correspond to a monthly frequency.
27Moment Model Sample S.E.
E(g) 2.17 2.17 0.17
E(π) 3.80 3.77 0.79
σ(g) 1.69 1.09 0.08
σ(π) 3.12 2.75 0.56
AC1(g) 0.45 0.33 0.12
AC1(π) 0.87 0.81 2.11
Corr(g,π) -0.70 -0.33 0.14
E(rm) 6.85 6.72 2.14
σ(rm) 15.81 17.11 1.83
E(rf) 1.11 1.11 0.19
Table 2. Model generated and observed moments for consumption, inﬂation, the real stock market return and
the real risk-free rate. Sample moments are based on annual observations of US data for the period December
1952-December 2005, except for the risk-free rate which is based on monthly observations of Fama’s 1 month
yields (CRSP) adjusted for monthly inﬂation. Model moments are generated from 5000 simulations of 637
months, aggregated to an annual frequency. The average implied risk-free rate from the model is based on
simulated monthly real yields (annualized). Means and standard deviations are all in percentages. Autocorrelation
coeﬃcients are computed for a lag of 1 year. Standard errors are computed using the Newey-West procedure
with 6 lags.
1 month 1 year 2 years 3 years 4 years 5 years
Model mean 1.11 1.00 0.83 0.66 0.49 0.33
Model std 0.93 0.91 0.90 0.88 0.87 0.86
Model AC1 0.980 0.979 0.979 0.979 0.978 0.978
Table 3. Real term structure of interest rates. Yields are in annual percentages. Autocorrelation coeﬃcients are
computed for a lag of 1 month.
281 month 1 year 2 years 3 years 4 years 5 years
Model mean 4.93 5.21 5.40 5.69 5.94 6.22
Sample mean 4.87 5.59 5.80 5.98 6.11 6.19
Model std 2.35 2.30 2.24 2.20 2.16 2.14
Sample std 2.78 2.90 2.84 2.77 2.74 2.70
Model AC1 0.986 0.986 0.986 0.986 0.985 0.985
Sample AC1 0.974 0.984 0.987 0.988 0.988 0.989
Table 4. Nominal term structure of interest rates. Sample moments cover the period of December 1952-December
2005. Interest rate data consists of monthly observations obtained from the Fama-Bliss ﬁle in CRSP. Yields are
in annual percentages. Autocorrelation coeﬃcients are computed for a lag of 1 month.
2y e a r s 3y e a r s 4y e a r s 5y e a r s
Real interest rates
Model βn,m -0.70 -0.73 -0.75 -0.76
Nominal interest rates
Model βn,m -0.38 -0.45 -0.51 -0.55
Sample βn,m -0.70 -1.03 -1.41 -1.39
t-stat -4.47 -4.50 -4.83 -4.29
Table 5. Testing the expectations hypothesis. The following regressions are run: yt+m,n−m − yt,n = α +
βn,m(
m










t,m)+ t+m.T h et i m es t e pm =1
year and n =2− 5 years. T-stat values correspond to H0 : βn,m = 1. Standard errors are computed with the
Newey-West procedure using 6 lags. The time period is December 1952-December 2005.





gt:t+12 0.50 0.62 0.60 -0.52 -0.66 -0.68
gt:t+24 0.50 0.62 0.68 -0.55 -0.69 -0.79
gt:t+36 0.46 0.58 0.66 -0.53 -0.68 -0.79
gt:t+48 0.42 0.53 0.62 -0.49 -0.64 -0.77
gt:t+60 0.37 0.48 0.57 -0.45 -0.60 -0.73
Model, EIS=0.5, α=-1.9
gt:t+12 0.55 0.66 0.66 -0.30 -0.37 -0.47
gt:t+24 0.57 0.70 0.79 -0.33 -0.42 -0.54
gt:t+36 0.56 0.69 0.81 -0.34 -0.43 -0.55
gt:t+48 0.53 0.66 0.78 -0.33 -0.43 -0.55
gt:t+60 0.49 0.62 0.75 -0.31 -0.41 -0.53
Model, EIS=1.5, α=-0.2
gt:t+12 0.50 0.62 0.60 -0.34 -0.45 -0.56
gt:t+24 0.50 0.62 0.68 -0.38 -0.51 -0.64
gt:t+36 0.46 0.58 0.66 -0.39 -0.53 -0.67
gt:t+48 0.42 0.53 0.62 -0.38 -0.52 -0.67
gt:t+60 0.37 0.48 0.57 -0.36 -0.5 -0.65
Sample
gt:t+12 -0.15 -0.17 0.06
gt:t+24 -0.07 -0.16 -0.06
gt:t+36 0.01 -0.10 -0.13
gt:t+48 0.01 -0.05 -0.11
gt:t+60 -0.05 -0.05 -0.08
Table 6. Cyclicality of yields. The maturity, n, of a bond is matched to the corresponding horizon of 12, 24, 36,
48 and 60 months of future consumption growth. Sample consumption data is annual while model consumption




Model, EIS=1.5, α=-1.9 Model, EIS=0.5, α=-1.9
Real consumption growth 0.87 0.11 Real consumption growth -2.13 0.07
Excess stock return 3.67 0.03 Excess stock return -0.20 0.00
Inﬂation -2.53 0.20 Inﬂation 3.03 0.04
Model, EIS=1.5, α=-0.2 Sample
Real consumption growth -1.28 0.12 Real consumption growth 0.30 0.04
Excess stock return 1.88 0.01 Excess stock return 4.10∗∗ 0.04
Inﬂation 0.03 0.00 Inﬂation -1.42∗∗∗ 0.17
Table 7. Predicting economic variables with the nominal yield spread. The yield spread equals the 5-year yield




t,1)+ t, where i =1 ,2,3 and refers
to the three economic variables being forecasted. All forecast horizons are 12 months. ** and *** correspond
to the 5% and 1% signiﬁcance level respectively. Standard errors are computed with the Newey-West procedure
using 6 lags. Annual data is used for forecasting consumption growth and monthly data for forecasting excess
stock returns and inﬂation. The time period is December 1952-December 2005.












Figure 1: Annual consumption growth and inﬂation. Dashed line refers to inﬂation and solid line refers to con-
sumption growth.


















Figure 2: Yield loadings. Solid (dashed) line correspond to real (nominal) yields. Note, yield loadings equal −
1
nDi,n




i,n for i =1 ,2,3.
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